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In this paper we first highlight a simple connection between the real part of QNMs frequencies
(QNMs) and shadow radius of BHs and then explore the effect of dark matter on the QNMs of mass-
less scalar field, electromagnetic and gravitational field perturbations in a black hole (BH) spacetime
surrounded by perfect fluid dark matter (BHPFDM). Using the WKB approximation we show that
the quasinormal mode spectra of BHPFDM deviate from those of Schwarzschild black hole due to
the presence of the PFDM encoded by the parameter k. Moreover it is shown that for any k > 0, the
real part and the absolute value of the imaginary part of QNM frequencies increases and this means
that the field perturbations in the presence of PFDM decays more rapidly compared to Schwarzschild
vacuum BH. We point out that there exists a reflecting point k0 corresponding to maximal values for
the real part of QNM frequencies. Namely, as the PFDM parameter k increases in the interval k < k0,
the QNM frequencies increases and reach their maximum values at k = k0. Finally we show that k0 is
also a reflecting point for the shadow radius while this conclusion can be deduced directly from the
inverse relation between the real part of QNMs and the shadow radius.
I. INTRODUCTION
One of the most exciting predictions of Einstein’s gen-
eral theory of relativity are black holes. Physicists have
been studying black holes for decades but in the same
time black holes have been a subject of debate for a long
time. However, nowadays, the situation has changed
drastically due to the recent announcements of the de-
tection of gravitational waves (GWs) of black hole bi-
nary mergers [1] by the LIGO and VIRGO observatories
and the captured image of the black hole shadow of a su-
permassive M87 black hole by the Event Horizon Tele-
scope collaboration [2, 3]. Alternatively, there are other
indirect methods to infer their existence, for example by
observing high-energy phenomena such as X-ray emis-
sion and jets, and the motions of nearby objects in orbit
around the hidden mass.
On the other hand, the discovery of gravity waves
has opened a new window in our understanding of the
Universe. Future observations of gravity waves can be
used to test many alternative theories of general relativ-
ity. The evolution of binary black holes is convention-
ally split into three stages: inspiral, merger and the ring
down. During the inspiral phase the signal provides
characterizes of the masses and the spins of compact ob-
jects and can be described by the post-Newtonian ap-
proximation [5]. The merger phase occurs after the in-
spiral phase with a rapid collapse of the two objects to
form a black hole and can ne studied using numerical
relativity [6–8]. The ringdown phase is the final stage
and describes a perturbed black hole that emits GWs
in the form of quasinormal radiation [9]. This the to-
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tal evolution is described by a combining the numeri-
cal and the analytical methods. The perturbation the-
ory of Schwarzschild black hole and its stability un-
der small perturbations was studied in Refs. [10, 11].
In a short period of time the frequencies of perturba-
tions or also known as the QN frequencies (QNFs) have
been investigated by using other analytic and numeri-
cal methods [12]-[39]. On the other hand, the shadow of
a Schwarzschild black hole was first studied by Synge
[40] and Luminet [41] and the same for Kerr black hole
was studied by Bardeen [42]. Since then various authors
have studied shadows in modified theories of gravity
and wormholes [43]-[85].
Our aim in this paper is to explore the effect of per-
fect fluid dark matter on three types of field perturba-
tion: scalar, electromagnetic and gravitational perturba-
tions. Toward this goal we are going to use the black
hole solution surrounded by PFDM recently proposed
in Refs. [86, 87] along with the sixth order WKB ap-
proximation developed by Konoplya [15]. It was shown
by Cardoso et al. [88] that the real part of the QNMs
is related to the angular velocity of the last circular null
geodesic while Stefanov et al. [89] found a connection
between black-hole quasinormal modes and lensing in
the strong deflection limit. With these results in mind
we shall explore the connection between the QNMs and
the shadow radius.
This paper is organized as follows. In Section II,
we study the connection between QNMs and the BH
shadow. In Section III we use the WKB approximation
to study the QNMs of a scalar field in spacetime of a BH-
PFDM. In Section III, we investigate the QNMs of elec-
tromagnetic field. In Section IV, we shall elaborate the
gravitational field perturbations. In Section VI we study
the greybody factors for three test fields. In Section VII,
the connection between QNMs and the PFDBH shadow
radius. In Section VIII, we comment on our results.
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2II. CONNECTION BETWEEN SHADOW RADIUS AND
QNMS
Let us start by writing a static and spherically sym-
metric black hole solution
ds2 = − f (r)dt2 + dr
2
f (r)
+ r2
(
dθ2 + sin2 θ dφ2
)
, (1)
to analyze the evolution of the photon in the above
spacetime metric. In order to study the the null
geodesics in the above black hole spacetime one has to
use the Hamilton-Jacobi equation given by
∂S
∂λ
= −1
2
gµν
∂S
∂xµ
∂S
∂xν
, (2)
with λ being the affine parameter of the null geodesic
and S is the Jacobi action. It is well known that the Jacobi
action S can be separated as follows
S =
1
2
m2λ− Et+ Lφ+ Sr(r) + Sθ(θ), (3)
with m being the mass of the particle moving and for
the photon one has to set m = 0. Furthermore E and L
are the energy and angular momentum of the photon,
respectively. In addition, the functions Sr(r) and Sθ(θ)
depend only on r and θ, respectively. It is straightfor-
ward to show the following four equations of motions
describing photons
dt
dλ
=
E
f (r)
, (4)
dr
dλ
=
√
R(r)
r2
, (5)
dθ
dλ
=
√
Θ(θ)
r2
, (6)
dφ
dλ
=
L csc2 θ
r2
. (7)
with
R(r) = E2r4 − (K+ L2)r2 f (r), (8)
Θ(θ) = K− L2 csc2 θ cos2 θ. (9)
t this point it convenient to express the radial geodesics
in terms of the effective potential Veff(r) as follows(
dr
dλ
)2
+Veff(r) = 0, (10)
with
Veff(r) = −r−4R(r)/E2 = −1+ f (r)r2 (ξ
2 + η), (11)
where we have introduced
ξ =
L
E
, η =
K
E2
. (12)
The motion of the photon can be determined by these
two impact parameters. To determine the geometric
sharp of the shadow of the black hole, we need to find
the critical circular orbit for the photon, which can be
derived from the unstable condition
R(r) = 0,
dR(r)
dr
= 0,
d2R(r)
dr2
> 0. (13)
Using the above conditions (13) for our spherical sym-
metric black hole one can show that
2− r f
′(r)
f (r)
= 0. (14)
By solving this equation one can determine the radius of
the photon sphere rps. In particular can write ξ2 + η in
the following form
ξ2 + η =
r2ps
f (rps)
. (15)
On the other hand, the observable Rs, represents the
size of the shadow of the black holes which can be ex-
pressed via celestial coordinates (α, β) by the simple re-
lation
Rs =
√
α2 + β2 =
rps√
f (rps)
. (16)
Another observable quantity is the angular radius of
the shadow which can be defined in terms of the shadow
radius and the distance from the black hole as seen by an
observer located far away
θ = Rs/D. (17)
It was shown by Cardoso et al. [88] that the real part of
the QNMs is related to the angular velocity of the last
circular, null geodesic, and the imaginary part was re-
lated to the Lyapunov exponent that determines the in-
stability time scale of the orbit [88]
ωQNM = Ωcl − i
(
n+
1
2
)
|λ| (18)
This result was proved to be valid for not only the static,
spherical spacetime, but also the equatorial orbits in the
geometry of rotating black holes solution. On the other
hand, Stefanov et al. [89] found a connection between
black-hole quasinormal modes and lensing in the strong
deflection limit [here we shall introduce temporary the
speed of light]
Ωc =
c
θDOL
, λ =
c ln r˜
2piθDOL
, (19)
where DOL is the distance between the observer and the
lens and θ is the angular position of the image that is
closest to the black hole, λ is the Lyapunov exponent
3and determines the instability time scale. Now by mak-
ing use of the relations (17), (18) and (19) we find that
the real part of QNMs is inversely proportional to the
shadow radius
ω< ∝
1
RS
, (20)
where we have identified DOL with D. Hence the real
part of the QNMs and shadow radius are related by the
simple equation
ω< = lim
l1
l
RS
, (21)
which is accurate in the eikonal limit having large val-
ues of l. In Ref. [91] authors pointed out an equiva-
lent expression to (21) relating the angular velocity with
the shadow radius for Schwarzschild BH. In the present
paper, we explicitly relate the real part of QNMs in the
eikonal limit with the shadow radius. This connection
between QNMs and shadow radius is a reflection of the
fact that the gravitational waves are treated as massless
particles propagating along the last null unstable and
slowly leaking out to infinity. In addition, we can ex-
press also the Lyapunov exponent in terms of shadow
radius RS and flux ratio r˜ reads
λ =
ln r˜
2piRS
, (22)
after having set the speed of light to one i.e., c = 1.
Alternatively, the Lyapunov exponent of photon sphere
can be written as
λ =
√√√√ f (rps)(2 f (rps)− r2ps f ′′(rps)
2r2ps
. (23)
Although the relation (21) is not very accurate for
small l, it is still helpful to investigate the relation
between the QNMs and shadow radius in a given
black hole solution. As a particular example, we shall
consider the effect of PFDM on QNMs then we make
a simple with the effect of PFDM on shadow radius.
The advantage of Eq. (21) relies on the fact then having
determined the QNMs in the eikonal limit one can
estimate the shadow radius or vice verse.
III. QNMS OF SCALAR FIELD
As a particular example let us consider the spherically
symmetric black hole metric in PFDM given by [86, 87]
ds2 = − f (r)dt2 + dr
2
f (r)
+ r2
(
dθ2 + sin2 θ dφ2
)
, (24)
with
f (r) = 1− 2M
r
+
k
r
ln
(
r
|k|
)
, (25)
where M is the black hole mass and k is a parameter de-
scribing the intensity of the PFDM. If the PFDM is absent
i.e., k = 0, the above space-time metric simply reduces
to the Schwarzschild black hole. On the other hand, the
massless scalar field in curved spacetime is described by
the following equation
1√−g∂µ
(√−ggµν∂µΦ) = 0. (26)
Involving a separation of variables the function Φ for
the scalar field is given in terms of the spherical harmon-
ics
Φ(t, r, θ, φ) =
1
r
e−iωtYl(r, θ)Ψ(r), (27)
in which l = 0, 1, 2, ... is known as the multipole number.
After the separation of variables one can show that the
field perturbation equation in the black hole spacetime
is given by the Schrodinger wave-like equation
d2Ψ
dr2?
+
(
ω2 −VS(r)
)
Ψ = 0, (28)
where we have used the relation
dr? =
dr
f (r)
. (29)
Under the positive real part QNMs, by definition, sat-
isfy the following boundary condition
Ψ(r?) = C± exp (±iω r?) , r → ±∞ (30)
where ω can be written in terms of the real and imagi-
nary part i.e., ω = ω< − iω=. In other words, we have
the real oscillation frequency and the imaginary part
which is proportional to the decay rate of a given mode.
The corresponding perturbation for the scalar field has
the following effective potential
VS(r) =
[
1− 2M
r
+
k
r
ln
(
r
|k|
)]
×
 l(l + 1)
r2
+
2M+ k− k ln
(
r
|k|
)
r3
 . (31)
Having the relation for the effective potential we can
use the WKB approach to compute the QNMs frequen-
cies. The WKB method is based on the analogy with the
problem of waves scattering near the peak of the poten-
tial barrier in quantum mechanics, where ω plays a role
of energy. The approach was used by Schutz and Will
[13], developed to the third order by Iyer and Will [14].
QNM frequencies in the WKB approximation, carried to
third order beyond the eikonal approximation
ω2 =
[
V0 +
√
−2V′′0 Λ2
]
− i
(
n+
1
2
)√
−2V′′0 (1+Λ3)
(32)
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FIG. 1 The figures are the effective potentials of the scalar field perturbation VS for different values of PFDM parameter k.
Changing the parameter k changes the height of the potential barrier.
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FIG. 2 Left panel: Dependence of the imaginary part of QNMs on k, for the case of scalar field. Right panel: Transmission
coefficient for different k in the case of scalar field.
where
Λ2 =
1√
−2V′′0
{1
8
(V(4)0
V′′0
)(1
4
+ α2
)
− 1
288
(V(3)0
V′′0
)2
(7+ 60α2)
}
,
Λ3 =
1√
−2V′′0
{ 5
6912
(V(3)0
V′′0
)4(
77+ 188α2
)
− 1
384
(V′′′20 V(4)0
V′′30
)
(51+ 100α2)
+
1
2304
(V(4)0
V′′0
)2
(67+ 68α2)
− 1
288
(V′′′0 V(5)0
V′′20
)
(19+ 28α2)
− 1
288
(V(6)0
V′′0
)
(5+ 4α2)
}
, (33)
where
α = n+
1
2
, V(m)0 =
dmV
drm∗
∣∣∣
r?
. (34)
Recently developed by Konoplya to the sixth order be-
yond the eikonal approximation [15]
i
ω2n −V0√
−2V′′0
−
6
∑
i=2
Λi = n+
1
2
(35)
where the constants Λ4, Λ5, Λ6. Note that V0 is the
height and V′′0 is the second derivative with respect to
the tortoise coordinate of the potential at the maximum.
The corrections depend on the value of the potential and
higher derivatives of it at the maximum. We estimate
the values of the quasi-normal modes for the scalar per-
turbations given in Table 1.
From Table I we see that by increasing k the real part
of QNMs increases reaching the maximal value at k0 =
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FIG. 3 The figures are the effective potentials of the scalar field perturbation VS for different values of PFDM parameter k.
Dependence of the real and imaginary part of the QNM frequencies of the scalar field. Dependence of the real and imaginary
part of the QNM frequencies of the scalar field.
spin 0 l = 1, n = 0 l = 2, n = 0 l = 2, n = 1
k ω (WKB) ω (WKB) ω (WKB)
0 0.2929-0.0978 i 0.4836-0.0968 i 0.4638-0.2956 i
0.03 0.3144-0.1058 i 0.5190-0.1047 i 0.4973-0.3199 i
0.05 0.3255-0.1102 i 0.5374-0.1090 i 0.5146-0.3332 i
0.08 0.3405-0.1163 i 0.5620-0.1150 i 0.5376-0.3517 i
0.10 0.3497-0.1202 i 0.5771-0.1188 i 0.5517-0.3635 i
0.20 0.3886-0.1379 i 0.6408-0.1362 i 0.6103-0.4172 i
0.40 0.4398-0.1663 i 0.7244-0.1638 i 0.6841-0.5034 i
0.60 0.4648-0.1857 i 0.7645-0.1825 i 0.7165-0.5625 i
0.80 0.4724-0.1974 i 0.7759-0.1936 i 0.7222-0.5983 i
1.00 0.4692-0.2032 i 0.7697-0.1990 i 0.7122-0.6165 i
1.20 0.4597-0.2050 i 0.7533-0.2005 i 0.6935-0.6225 i
1.40 0.4468-0.2040 i 0.7314-0.1994 i 0.6704-0.6201 i
1.60 0.4322-0.2011 i 0.7068-0.1965 i 0.6455-0.6122 i
1.80 0.4169-0.1972 i 0.6813-0.1927 i 0.6202-0.6008 i
1.90 0.4093-0.1950 i 0.6685-0.1904 i 0.6077-0.5943 i
TABLE I The real and imaginary parts of quasinormal
frequencies of the scalar field in the background of BHPFDM
with different dark matter parameters k. We find a reflecting
point k0 = 0.80 where the real part of QNMs reaches its
maximal value, followed by an interval k > k0, with a
decrease of ω<.
0.80. In fact, this is reflecting point, further increase of
k results with a decrease of the QNMs. But overall for
any in the interval k ∈ (0, 2), the QNMs deviate from
those of Schwarzschild BH resulting with greater values
compared to the Schwarzschild black hole. Moreover,
from Fig. 2 we can see more clearly that the reflecting
point k0 is a generic feature for the real part of QNMs
frequencies having different n and l, respectively. From
Fig. 2 we also see that higher values of ω< are obtained
for the case l = 2 and n = 1.
spin 1 l = 1, n = 0 l = 2, n = 0 l = 2, n = 1
k ω (WKB) ω (WKB) ω (WKB)
0 0.2482-0.0926 i 0.4576-0.0950 i 0.4365-0.2907 i
0.03 0.2659-0.1001 i 0.4907-0.1027 i 0.4677-0.3145 i
0.05 0.2750-0.1042 i 0.5079-0.1070 i 0.4836-0.3274 i
0.08 0.2870-0.1098 i 0.5308-0.1128 i 0.5049-0.3455 i
0.10 0.2943-0.1134 i 0.5448-0.1165 i 0.5177-0.3570 i
0.20 0.3243-0.1294 i 0.6034-0.1333 i 0.5708-0.4091 i
0.40 0.3605-0.1544 i 0.6782-0.1597 i 0.6352-0.4920 i
0.60 0.3743-0.1705 i 0.7120-0.1773 i 0.6603-0.5479 i
0.80 0.3742-0.1795 i 0.7190-0.1874 i 0.6610-0.5810 i
1.00 0.3663-0.1834 i 0.7102-0.1921 i 0.6478-0.5972 i
1.20 0.3543-0.1837 i 0.6924-0.1931 i 0.6273-0.6016 i
1.40 0.3405-0.1813 i 0.6701-0.1916 i 0.6035-0.5981 i
1.60 0.3261-0.1785 i 0.6457-0.1885 i 0.5786-0.5895 i
1.80 0.3119-0.1743 i 0.6209-0.1844 i 0.5539-0.5778 i
1.90 0.3049-0.1720 i 0.6086-0.1822 i 0.5418-0.5711 i
TABLE II The real and imaginary parts of quasinormal
frequencies of the electromagnetic field in the background
perfect fluid black hole with different k. A reflecting point is
found at k0.
IV. QNMS OF ELECTROMAGNETIC FIELD
In this section we precede to study the effect of PFDM
on the propagation of the electromagnetic field. To do
so, we recall the wave equations for a test electromag-
netic field,
1√−g∂ν
[√−ggαµgσν (Aσ,α − Aα,σ)] = 0 (36)
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FIG. 4 The effective potentials of electromagnetic field perturbation VE near black hole with PFDM with (M = 1) and different
k.
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FIG. 5 Left panel: Dependence of the real part of QNM frequencies on the imaginary part for electromagnetic test field. Right
panel: Dependence of the real part of QNM frequencies on the PFDM parameter k. As in the case of scalar field, a reflecting
point is observed at k0 = 0.80.
The four-potential Aµ can be expanded in 4-dimensional
vector spherical harmonics as follows
Aµ (t, r, θ, φ) = ∑
`,m
([ 00
a(t,r)
sin(θ)∂φY`m (θ, φ)
−a (t, r) sin (θ) ∂θY`m (θ, φ)
]
+
[ f (t, r)Y`m (θ, φ)h(t, r)Y`m (θ, φ)
k(t, r)∂θY`m (θ, φ)
k(t, r)∂ϕY`m (θ, φ)
])
, (37)
in which Y`m (θ, φ) gives the spherical harmonics. Note
that the first term in the right-hand side has parity
(−1)`+1 (known as axial sector) and the second term has
parity (−1)` (known as polar sector). If we simply sub-
stitute this expansion into the Maxwell equations one
can find a second-order differential equation for the ra-
dial part as (see [25] for details of calculations)
d2Ψ (r∗)
dr2∗
+
[
ω2 −VE (r∗)
]
Ψ (r∗) = 0, (38)
for both axial and polar sectors, and r∗ =
∫
f−1 (r) dr
being the tortoise coordinate. The modeΨ (r∗) is a linear
combination of the functions a(t, r), f (t, r), h(t, r), and
k(t, r), but a different functional dependence based on
the parity; for axial sector the mode is given by
a(t, r) = Ψ (r∗) (39)
whereas for polar sector it is
Ψ (r∗) =
r2
`(`+ 1)
[∂th(t, r)− ∂r f (t, r)] . (40)
The corresponding effective potential in our case is
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FIG. 6 Left panel: Dependence of the imaginary part of QNM frequencies the PFDM parameter k. Right panel: Dependence of
the transmission coefficient for electromagnetic test field.
found to be
VE(r) =
[
1− 2M
r
+
k
r
ln
(
r
|k|
)]
l(l + 1)
r2
. (41)
Firstly, from Fig. 4 we see that the effective potential
is strongly affected by the PFDM parameter k. For ex-
ample, we observe higher values of the potential barrier
when k ' 0.80. Using the WKB approximation to the
sixth order we compute the real and imaginary part of
QNMs frequencies. In Table II, we provide the values of
QNMs having l = 1, 2, 3 and n = 0, 1, respectively. We
see a similar effect of k, namely when k increases the real
part of QNMs increases and reaches the maximum at
k ' 0.8. This reflecting point can be seen also from Fig.
5 where maximal values for the real part are obtained at
k0. The values of QNMs having l = 2 and n = 1 are
slightly higher. In addition, from Table I and Table II
we see that the values of QNMs for the electromagnetic
field are slightly smaller compared to the scalar field.
V. QNMS OF GRAVITATIONAL FIELD
Our final example will be the study of gravitational
field perturbations in the spacetime of BHPFDM. Before
writing the field equation let us recall that the general
form of the perturbed metric is given by
ds2 = −e2νdt2 + e2ψ(dφ− σdt− qrdr− qθdθ)2
+ e−2µ2dr2 + e−2µ3dθ2, (42)
in which e2ν = e2µ2 = f (r), e2µ3 = r2, e2ψ = r2 sin2 θ and
σ = qr = qθ = 0 for non-perturbed case. The perturba-
tions will lead to non-vanishing values of σ, qr, qθ and in-
crements in ν, µ2, µ3,ψ, which are corresponding to ax-
ial and polar perturbations, respectively. Here we shall
consider the axial type ones. The perturbation equation
spin 2 l = 2, n = 0 l = 2, n = 1 l = 3, n = 0
k ω (WKB) ω (WKB) ω (WKB)
0 0.3736-0.0889 i 0.3436-0.2735 i 0.5994-0.0927 i
0.03 0.4007-0.0961 i 0.3707-0.2958 i 0.6431-0.1002 i
0.05 0.4147-0.1000 i 0.3831-0.3079 i 0.6657-0.1043 i
0.08 0.4335-0.1054 i 0.3996-0.3248 i 0.6960-0.1100 i
0.10 0.4450-0.1089 i 0.4095-0.3356 i 0.7145-0.1136 i
0.20 0.4929-0.1245 i 0.4497-0.3844 i 0.7923-0.1299 i
0.40 0.5543-0.1491 i 0.4955-0.4631 i 0.8929-0.1556 i
0.60 0.5818-0.1657 i 0.5089-0.5184 i 0.9399-0.1725 i
0.80 0.5875-0.1757 i 0.5033-0.5541 i 0.9516-0.1823 i
1.00 0.5800-0.1808 i 0.4879-0.5747 i 0.9420-0.1868 i
1.20 0.5653-0.1826 i 0.4682-0.5842 i 0.9202-0.1876 i
1.40 0.5468-0.1820 i 0.4471-0.5756 i 0.8921-0.1861 i
1.60 0.5269-0.1799 i 0.4262-0.5815 i 0.8609-0.1831 i
1.80 0.5065-0.1768 i 0.4062-0.5737 i 0.8289-0.1791 i
1.90 0.4965-0.1750 i 0.3967-0.5687 i 0.8129-0.1769 i
TABLE III The real and imaginary parts of quasinormal
frequencies of the gravitational field in the background
perfect fluid black hole with different k. The reflecting point is
found at k0 = 0.80. Initially ω< increases reaching the
maximum at k0 and finally decreases in the interval k > k0.
reads
r4
∂
∂r
( f (r)
r2
∂Q
∂r
)
+ sin3 θ
∂
∂θ
( 1
sin3 θ
∂Q
∂θ
)
− r
2
f (r)
∂2Q
∂t2
= 0,
(43)
where
Q(t, r, θ) = eiωtQ(r, θ),
Q(r, θ) = r2 f (r) sin3 θQrθ ,
Qrθ = qr,θ − qθ,r. (44)
Further with Q(r, θ) = rΨ(r)C−2/3l+2 , it can be reduced to
Schrodinger wave-like equations:
d2Ψ
dr2∗
+ [ω2 −VG(r)]Ψ = 0, dr∗ = f (r)dr, (45)
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l=4
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FIG. 7 The figures are the effective potentials of gravitational field perturbation VG near black hole with PFDM (M = 1) with
different k. Dependence of the real and imaginary part of the QNM frequencies of the scalar field. Dependence of the real and
imaginary part of the QNM frequencies of the scalar field.
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FIG. 8 Left panel: Dependence of the real part of QNM frequencies on the imaginary part for gravitational field. Right panel:
Dependence of the real part of QNM frequencies on the PFDM parameter k. A reflecting point is observed at k0 = 0.80.
for gravitational field Ψ. The effective potentials take
the form as:
VG(r) =
[
1− 2M
r
+
k
r
ln
(
r
|k|
)] [ l(l + 1)
r2
−
6M+ k− 3k ln
(
r
|k|
)
r3
]
. (46)
The effective potentials V depend on the value r, angu-
lar quantum number (multipole momentum) l and the
PFDM parameter k. From Table III and Fig. 8, we ob-
serve basically the same effect; the real part of QNMs
reaches the maximum at some critical point k0. On the
other hand we find higher values for QNMs having
l = 3 and n = 0.
Let us now consider the quality factor of the mode,
which is proportional to the ratio of the real oscillations
frequency to the damping rate given by the following
relation
Q ' ω<|ω=| , (47)
one can show that Q is lower for the black hole sur-
rounded by perfect fluid compared to the vacuum case.
This means that the field perturbations in the presence
of perfect fluid dark matter decays more rapidly. Fi-
nally we ca estimate the effect of PFDM on two phys-
ical observables: the oscillation frequency f and the
damping time τ. Toward this goal, we need to in-
vestigate the dependence of the fundamental frequency
on black hole parameters by converting the frequencies
calculated in geometrical units into kHz, one should
multiply ω< by 2pi (5.142kHz)M/M. For example,
the first gravitational quasinormal mode frequency of
a Schwarzschild black hole corresponds to the funda-
mental n = 0 quadrupole l = 2 mode and it is ωM '
0.3736− 0.089 i, where we measure in units if the black
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FIG. 9 Left panel: Dependence of the imaginary part of QNM frequencies the PFDM parameter k. Right panel: Dependence of
the transmission coefficient for gravitational field. Right panel: Dependence of the transmission coefficient for gravitational field.
k ω (n = 0, l = 2) f (kHz) τ (ms)
0 0.3736-0.0889 i 1.20 3.48
0.05 0.4147-0.1000 i 1.34 3.09
0.10 0.4450-0.1089 i 1.44 2.84
0.60 0.5818-0.1657 i 1.88 1.87
0.80 0.5875-0.1757 i 1.90 1.76
1.60 0.5269-0.1799 i 1.70 1.72
TABLE IV The oscillation frequency f in kHz and and a
damping time τ in ms for a hypothetical black hole of 10 solar
mass.
hole mass M = 1. For a black hole of 10 solar masses,
the oscillation frequency is found to be f = 12 kHz and
a damping time τ = 0.35 ms. We present our numeri-
cal results based on the effect of PFDM parameter given
in Table IV. It is observed that while the oscillation fre-
quency increases the damping time decreases.
VI. SCATTERING AND GREYBODY FACTOR
Greybody factors are important quantities to deter-
mine for example the amount of the initial quantum ra-
diation in the vicinity of the black hole horizon which is
reflected back to it by the potential barrier. Moreover we
can use the Hawking equation to estimate the amount
of radiation which will reach the observer located at
infinity. Starting from the Schrodinger-like equation
which describes the scattering of waves in the regular
BH spacetimes and in has the asymptotic solutions
Ψ = A exp(−iωr?) + B exp(iωr?), r? → −∞, (48)
Ψ = C exp(−iωr?) + D exp(iωr?), r? → +∞, (49)
where we have to impose the following relations: for
waves incoming towards the BHPFDM from infinity we
have B = 0, while for the reflection amplitude R =
D/C. Finally for the transmission amplitude we can
write T = A/C. In particular the last equation can be
written as
Ψ = T exp(−iωr?) r? → −∞, (50)
Ψ = exp(−iωr?) + R exp(iωr?), r? → +∞. (51)
Next we need to compute the square of the ampli-
tude of the wave function which is partially transmitted
and partially reflected by the potential barrier. The to-
tal probability of finding this wave in the whole region
should give
|R|2 + |T|2 = 1. (52)
The most interesting case to study the greybody factor
is the case having ω ' V(r0). Namely, we can the WKB
approximation to calculate the transmission and reflec-
tion coefficients. In particular the reflection amplitude is
given by
R =
1√
1+ exp(−2piiK) , (53)
where
K = i
ω2n −V(r0)√−2V′′(r0) −
6
∑
i=2
Λi. (54)
Using (52) we can find an expression for the transmis-
sion coefficient given by
|T|2 = 1− | 1√
1+ exp(−2piiK) |
2. (55)
In Figs 3, 6 and 9 we show the dependence of the
transmission coefficients on k for the scalar, electromag-
netic and gravitational fields, respectively.
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FIG. 10 Shape of shadows for different k and M = 1. We observe that there exists a reflecting point k0 = 0.8. Due to the fact
that we the black hole mass is fixed by changing the PFDM parameter we decrease the event horizon which leads to a smaller
radius of the shadow.
VII. SHADOW RADIUS OF BLACK HOLE IN PFDM
In general, it is well known that the shadow shape de-
pends on whether the rotation of the black hole is con-
sidered. For static and spherical symmetric black holes,
the shadow has spherical symmetry as well and is de-
scribed by the photon sphere. In this case, the above
conditions (13) can be simplified into,
2− r f
′(r)
f (r)
= 0. (56)
with
f (r) = 1− 2M
r
+
k
r
ln
(
r
|k|
)
. (57)
The solution of this equation determines the radius rps
of the photon sphere is found to be
rps =
3
2
LambertW
[
2
3
exp
(
6M+ k
3k
)]
. (58)
and shadow radius
Rs =
3
2 LambertW
[
2
3 exp
(
6M+k
3k
)]
√
1− 2M3
2 LambertW[
2
3 exp(
6M+k
3k )]
+F
. (59)
where
F = k
3
2 LambertW
[
2
3 exp
(
6M+k
3k
)]
× ln
 32 LambertW
[
2
3 exp
(
6M+k
3k
)]
|k|
 (60)
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FIG. 11 Shadow radius against the PFDM parameter k (red
curve). We see that there exist a reflecting point k0 ' 0.8. The
black curve corresponds to the shadow radius for the
Schwarzschild vacuum BH Rs = 3
√
3.
11
k in unites of M RS in unites of M
0 3
√
3 ' 5.196
0.03 4.8425
0.05 4.6773
0.08 4.4724
0.10 4.3558
0.20 3.9241
0.40 3.4744
0.60 3.2943
0.80 3.2480
1.00 3.2762
1.20 3.3493
1.40 3.4512
1.60 3.5726
1.80 3.7076
1.90 3.7791
TABLE V The size of shadow radius for different values of
k. We observe a reflecting point near k0 = 0.8.
In Table V, we observe a decrease of the shadow ra-
dius in the interval k < k0 while reaching its minimal
value at k = k0. This reflecting point can be seen also
from Fig. 11 and the corresponding shadow images
given by Fig. 10. The decrease of shadow radius is a
consequence of the decrease of horizon radius, namely
we keep the black hole mass fix and change k. Using the
expression for the shadow radius (59) we can determine
the reflection point by simply taking its derivative and
solve for k. We find
k0 =
3
1+ e
' 0.80. (61)
Thus we found the exactly same reflection point as
in the case of QNMs. Considering the inverse relation
between RS and the real part of gravitational QNMs
ω< = lim
l1
l
RS
, (62)
we can explain why the reflecting point k0 yields con-
trary results for the shadow radius compared to QNMs.
In other words, contrary to QNMs, the shadow radius
decreases in the interval k < k0 reaching its minimal
vale at k0. Further increasing k in the interval k > k0, the
radius increases. We note that this result is consistent
with Hou at el. [43] where authors studied shadow of
rotating black holes in PFDM. From a physical point of
view we can say that with the decrease of the black hole
horizon we obtain smaller values for the shadow radius
and consequently higher values for the oscillation fre-
quencies.
VIII. CONCLUSION
In this paper we have performed a detailed analy-
ses of QNMs for a massless scalar field, electromagnetic
field and gravitational field perturbations in a spacetime
background of black holes surrounded by PFDM. Us-
ing the sixth-order WKB approximation we find that the
QNM frequencies of black holes in presence of PFDM
strongly depends upon the perfect fluid dark matter pa-
rameter k. These results show that QNM frequencies in
the future can play a significant role as an indirect way
of detecting dark matter near the black hole. We have
found that for k > 0, the real part and the absolute value
of the imaginary part of QNM frequencies increases sug-
gesting that the field perturbations in BHPFDM decays
more rapidly compared to Schwarzschild vacuum BH.
More importantly, it is shown that there exists a reflect-
ing point k0 corresponding to maximal values for the
real part of QNM frequencies. That is, if the PFDM
parameter k increases in the interval k < k0, the real
part of QNMs also increases reaching maximum value
at k = k0. In the final part of this work we argued that k0
is a reflecting point for the shadow radius of BHPFDM
and corresponds to its minimal value. Using the inverse
relation between the real part of QNMs and shadow ra-
dius
ω< = lim
l1
l
RS
. (63)
we can easily obtain the above conclusion without com-
puting the relevant shadow radius. One can show that
in the limit l  1 Eq. (21) gives accurate results which
is independent on the spin of test fields. Moreover this
result is valid for all BH asymptotically flat solutions.
For small values of l, the results depend on the spin of
the test field and the precision in in some cases can be
useful. In fact, for the gravitational QNMs the preci-
sion is better compared to the scalar and electromag-
netic field. Finally er note that a correspondence be-
tween the Hawking radiation and QNMs was explored
in Refs. [92]-[98], and the relation between black hole
shadow and the black hole thermodynamics was used
recently in Ref. [69] to study the thermodynamics phase
structure of the black hole. This suggests that QNMs can
encode valuable information about the thermodynamics
phase structure or the stability of the black hole.
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